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Forecasting with linear Koopman Model
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m Choose finitely many non-linear observables:

(@) = [a(@) - Yal@)] -
m Generate transformed snapshot matrices (xy, yi separated by ¢):
UX) =) | o | wen)], YY) =[) | o | dlym)] € R
m Solve linear regression problem (EDMD):
T, = argmingepncn V(YY) = TT¥(X)|
= (U(X)TU (X)) (w(X)"w(Y) = C;'C

m Justified by Koopman theory for complete basis.

Williams et al, Journal of Nonlinear Science (2015)
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@ ameneecnee  Nletastable Systems

m Goal: Automatically analyse metastable systems based on simulation data (common in
molecular systems, e.g. protein folding, ligand binding,...)

14
UNIEE

==
orN

Free energy / kT

N
OFRNWAUIOINOO

Feliks Niiske, nueske@mpi-magdeburg.mpg.de MMM11 Prague Co


mailto:nueske@mpi-magdeburg.mpg.de

maniewsn. Metastable Systems

m Goal: Automatically analyse metastable systems based on simulation data (common in
molecular systems, e.g. protein folding, ligand binding,...)

m Q: What are metastable states? What are their transition rates? ...
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@ :ooee Linear Variational Approach

m Meta-stable states are encoded by dominant eigenvectors of Koopman matrix.

m Variational characterization for leading Koopman eigenvalues:

M

M
(¢, K'¢i), =t R(¢) < > ()
i=0
(Dr: D1}, = O

i=0
m Generalized eigenvalue problem for EDMD matrices:
thi = Al(t)COWl

Noé and FN, SIAM MMS (2013),

FN, Keller, Pérez-Herndndez, Mey, Noé, J. Chemical Theory Comput. (2014)
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m Fast folding protein., 35 amino acids.

FN and Klus, J Chemical Physics (2023),

Philipp, Schaller, Boshoff, Peitz, FN, Worthmann, arxiv 2402.02494 (2024)
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A: VAMP Score

2.2
m Fast folding protein., 35 amino acids.
2.0 egee
m Use Gaussian kernel on 600 distances and 4 +— =]
angles. 1.8
m Tune Gaussian bandwidth and random -4 p=100,t=100  —# p=100,t=1000
i Lo 1.6 -4 p=300,t=100 —#— p=300,t=1000
feature size by variational approach. 4 p=500,t=100 - p=500,t=1000
-4 p=1000,t=100 —#— p=1000,t=1000
1.4 : :
101 o 102

FN and Klus, J Chemical Physics (2023),

Philipp, Schaller, Boshoff, Peitz, FN, Worthmann, arxiv 2402.02494 (2024)
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m Fast folding protein., 35 amino acids.
2.0
m Use Gaussian kernel on 600 distances and 2 +—+ =
angles. 1.8
m Tune Gaussian bandwidth and random 4= p=100,t=100  —- p=100,¢=1000
. L. 1.61 -4 p=300,t=100  —#— p=300,t=1000
feature size by variational approach. ‘4= p=500,6=100  —# p=500,t=1000
¢-¢- p=1000,t=100 —#— p=1000,t=1000
m Compute leading two eigenvalues and 14 ot . 102
eigenfu nctions. Membership Functions
1.0
m Transform into membership functions —

indicating metastable states. 7/?

FN and Klus, J Chemical Physics (2023),
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2. Dynamical Coarse Graining
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@ woe. Coarse Grained Generator

m A coarse graining (CG) is a map to lower-dimensional space: ¢ : R — R™, m < d

Legoll and Leligvre, Nonlinearity (2010), Zhang, Hartmann, Schiitte, Faraday Disc. (2016)
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aweneence. Coarse Grained Generator

m A coarse graining (CG) is a map to lower-dimensional space: ¢ : R — R™, m < d

m Let P be the conditional expectation with respect to &:

1

Po(z) = v(2)

E[p()[¢(x) = =].

Legoll and Leligvre, Nonlinearity (2010), Zhang, Hartmann, Schiitte, Faraday Disc. (2016)
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@ o0 Coarse Grained Generator

m A coarse graining (CG) is a map to lower-dimensional space: ¢ : R — R™, m < d

m Let P be the conditional expectation with respect to &:
1
v(z)

m Projected generator £& = PLP is again the generator of an effective SDE on R™.

Po(z) = ——=E[p(x)[¢(x) = 2].

dZ; = b°(2;) dt + 0%(2) dW;.

Legoll and Leligvre, Nonlinearity (2010), Zhang, Hartmann, Schiitte, Faraday Disc. (2016)
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@ o0 Coarse Grained Generator

m A coarse graining (CG) is a map to lower-dimensional space: ¢ : R — R™, m < d

m Let P be the conditional expectation with respect to &:
1
v(z)

m Projected generator £& = PLP is again the generator of an effective SDE on R™.

Po(z) = ——=E[p(x)[¢(x) = 2].

dZ; = b°(2;) dt + 0%(2) dW;.

m Ignores memory effects. Effective parameters must be approximated / learned.

Legoll and Leligvre, Nonlinearity (2010), Zhang, Hartmann, Schiitte, Faraday Disc. (2016)
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swinmieste  Learning Coarse-Grained Dynamics

m Reversible SDEs can be parametrized by a potential and a diffusion field:

dZ, = [—a£ (Z)VFS(Z) + V- af(zt)] dt + o€(2) W,

Noid et al, J. Chemical Physics, (2008),

Nateghi and FN, arxiv 2409.16396 (2024)
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DATA-DRIVEN MODELING OF

swinmieste  Learning Coarse-Grained Dynamics

m Reversible SDEs can be parametrized by a potential and a diffusion field:
dz, = {—aﬁ (Z)VFS(Z,) + V- af(zt)] dt + of(2,) dW.

m Effective potential can be learned using force matching.

Noid et al, J. Chemical Physics, (2008),

Nateghi and FN, arxiv 2409.16396 (2024)
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@ Learning Coarse-Grained Dynamics

m Reversible SDEs can be parametrized by a potential and a diffusion field:
dz, = [—a’f (Z)VFS(Z,) + V- af(zt)] dt + of(2,) dW.

m Effective potential can be learned using force matching.

m Our method: Effective diffusion can be learned by diffusion learning.

Noid et al, J. Chemical Physics, (2008),

Nateghi and FN, arxiv 2409.16396 (2024)
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@ emeeense D) iffusion Learni ng

m Generators for full and CG system are related:

(Wi & Ly 08, = (vi, L9; ) .

Nateghi and FN, arxiv 2409.16396 (2024)
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@ emeeense D) iffusion Learni ng

m Generators for full and CG system are related:

(Wi & Ly 08, = (vi, L9; ) .

m Data of the full system can be used to learn a model L, for the full generator.

Nateghi and FN, arxiv 2409.16396 (2024)
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@ emeeense D) iffusion Learni ng

m Generators for full and CG system are related:

(Wi & Ly 08, = (vi, L9; ) .

m Data of the full system can be used to learn a model L, for the full generator.
m Matrix elements of effective generator are parametrized by effective diffusion:

(05 £505) = =5 [ Vi) a2V (),

2 Jam

Nateghi and FN, arxiv 2409.16396 (2024)
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@ emeeense D) iffusion Learni ng

m Generators for full and CG system are related:

(s o€, L0 6)), = (i, £ )

m Data of the full system can be used to learn a model L, for the full generator.
m Matrix elements of effective generator are parametrized by effective diffusion:

(0 £505) =3 | Fath(2) a8(a)Va55(2) (o).

Rm™
2]

m Match these matrix elements against reference model:

o = arg min [‘

a€RAxdxr

]Zref —L,

0z

e

Nateghi and FN, arxiv 2409.16396 (2024)
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Learn CG Model in 2d dihedral angle space.

Eigenvalues
10t & kgEDMD model
® Learned diffusion
L 1
100
a * E 3
=
107!
1 2 3 4
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Alanine Dipeptide

Learn CG Model in 2d dihedral angle space.

a) Learned diffusion - 1st term

Nateghi and FN, arxiv 2409.16396 (2024)
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b) Learned diffusion - 2nd term

ﬁ) Learned free energy landscape
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Analysis of propagated CG model:

o ﬂeamed - SDD n n Membership analysis
—
101 4 Learned-CD * *
= Prop.-SDD
*  Prop.-CD
A \ v .
0 |}
10 ]
{
_n |
2 3 4 —-n m

Nateghi and FN, arxiv 2409.16396 (2024)
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m Let the data define the basis.
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m Let the data define the basis.
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m Leads to a kernel k(x,y) (symmetric positive-definite function) with features:

Klus, FN, and Hamzi, Entropy (2020)
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@ Kernel Basis Sets

m Let the data define the basis.

4.0

3.54

3.01

2.54

2.04

0.54

0.0

-0.5

m Leads to a kernel k(x,y) (symmetric positive-definite function) with features:
i = k‘(aj“ )

m Kernel basis can be reduced using random Fourier features.

Klus, FN, and Hamzi, Entropy (2020)
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@000 Kernels and Random Features

m Translation invariant kernels k(x,y) = v(z — y) are superpositions of complex plane waves
(Bochner's Theorem):

—zw x _ —iwTy
e —iwy y’

k(z,y) = B [e—iw% y] ~

Elr—‘
IIM“@

FN and Klus, J Chemical Physics (2023)
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@ :oun. Kernels and Random Features

m Translation invariant kernels k(x,y) = v(z — y) are superpositions of complex plane waves
(Bochner's Theorem):

—ZUJ xr _'Lway
)

k(z,y) = B [e—iw% y] ~

Elr—‘
IIM“@

m Eigenvalue problem turns into low-rank format:

P P
m
m
m m

FN and Klus, J Chemical Physics (2023)
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