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Motivation
Training Data for 2d Duffing Oscillator
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Motivation
Forecasting with linear Koopman Model
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Extended Dynamic Mode Decomposition (EDMD)

Choose finitely many non-linear observables:

ψ(x) =
[
ψ1(x) · · ·ψn(x)

]⊤
.

Generate transformed snapshot matrices (xk, yk separated by t):

Ψ(X) =
[
ψ(x1) · · · ψ(xm)

]
, Ψ(Y) =

[
ψ(y1) · · · ψ(ym)

]
∈ Rn×m.

Solve linear regression problem (EDMD):

Tt = argminT∈Rn×n∥Ψ(Y)−T⊤Ψ(X)∥F
= (Ψ(X)TΨ(X))−1(Ψ(X)TΨ(Y)) = Ĉ−1

0 Ĉ−1
t .

Justified by Koopman theory for complete basis.

Williams et al, Journal of Nonlinear Science (2015)
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Metastable Systems

Goal: Automatically analyse metastable systems based on simulation data (common in
molecular systems, e.g. protein folding, ligand binding,...)

Q: What are metastable states? What are their transition rates? ...
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Linear Variational Approach

Meta-stable states are encoded by dominant eigenvectors of Koopman matrix.

Variational characterization for leading Koopman eigenvalues:

M∑
i=0

〈
ϕi, Ktϕi

〉
µ
=: R(ϕ) ≤

M∑
i=0

λi(t)

⟨ϕk, ϕl⟩µ = δkl.

Generalized eigenvalue problem for EDMD matrices:

Ĉtwi = λi(t)Ĉ0wi.

Noé and FN, SIAM MMS (2013),

FN, Keller, Pérez-Hernández, Mey, Noé, J. Chemical Theory Comput. (2014)
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Application: Fip35

Fast folding protein., 35 amino acids.

Use Gaussian kernel on 600 distances and
angles.

Tune Gaussian bandwidth and random
feature size by variational approach.

Compute leading two eigenvalues and
eigenfunctions.

Transform into membership functions
indicating metastable states.

FN and Klus, J Chemical Physics (2023),

Philipp, Schaller, Boshoff, Peitz, FN, Worthmann, arxiv 2402.02494 (2024)
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Coarse Grained Generator

A coarse graining (CG) is a map to lower-dimensional space: ξ : Rd 7→ Rm, m ≤ d

Let P be the conditional expectation with respect to ξ:

Pϕ(z) = 1

ν(z)
E[ϕ(x)|ξ(x) = z].

Projected generator Lξ = PLP is again the generator of an effective SDE on Rm.

dZt = bξ(Zt) dt+ σξ(Zt) dWt.

Ignores memory effects. Effective parameters must be approximated / learned.

Legoll and Lelièvre, Nonlinearity (2010), Zhang, Hartmann, Schütte, Faraday Disc. (2016)

Feliks Nüske, nueske@mpi-magdeburg.mpg.de MMM11 Prague Congress Centre 10/18

mailto:nueske@mpi-magdeburg.mpg.de


Coarse Grained Generator

A coarse graining (CG) is a map to lower-dimensional space: ξ : Rd 7→ Rm, m ≤ d

Let P be the conditional expectation with respect to ξ:

Pϕ(z) = 1

ν(z)
E[ϕ(x)|ξ(x) = z].

Projected generator Lξ = PLP is again the generator of an effective SDE on Rm.

dZt = bξ(Zt) dt+ σξ(Zt) dWt.

Ignores memory effects. Effective parameters must be approximated / learned.
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Learning Coarse-Grained Dynamics

Reversible SDEs can be parametrized by a potential and a diffusion field:

dZt =
[
−aξ(Zt)∇F ξ(Zt) +∇ · aξ(Zt)

]
dt+ σξ(Zt) dWt.

Effective potential can be learned using force matching.

Our method: Effective diffusion can be learned by diffusion learning.

Noid et al, J. Chemical Physics, (2008),

Nateghi and FN, arxiv 2409.16396 (2024)
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Feliks Nüske, nueske@mpi-magdeburg.mpg.de MMM11 Prague Congress Centre 11/18

mailto:nueske@mpi-magdeburg.mpg.de


Diffusion Learning

Generators for full and CG system are related:

⟨ψi ◦ ξ, L(ψj ◦ ξ)⟩µ =
〈
ψi, Lξψj

〉
ν
.

Data of the full system can be used to learn a model Lref for the full generator.

Matrix elements of effective generator are parametrized by effective diffusion:〈
ψi, Lξψj

〉
ν
= −1

2

∫
Rm

∇zψi(z) a
ξ(z)∇zψj(z) dν(z).

Match these matrix elements against reference model:

α∗ = argmin
α∈Rd×d×r

[∥∥∥L̂ref − Lα

∥∥∥2
2
+ γ

∥∥∥∥∂σ∂z
∥∥∥∥2
2

]

Nateghi and FN, arxiv 2409.16396 (2024)
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Alanine Dipeptide
Learn CG Model in 2d dihedral angle space.
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Alanine Dipeptide
Learn CG Model in 2d dihedral angle space.
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Alanine Dipeptide
Analysis of propagated CG model:
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Kernel Basis Sets
Let the data define the basis.
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Leads to a kernel k(x, y) (symmetric positive-definite function) with features:

ψi = k(xi, ·)
Kernel basis can be reduced using random Fourier features.

Klus, FN, and Hamzi, Entropy (2020)
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Kernels and Random Features

Translation invariant kernels k(x, y) = γ(x− y) are superpositions of complex plane waves
(Bochner’s Theorem):

k(x, y) = Eω∼ρ
[
e−iωT (x−y)

]
≈ 1

p

p∑
u=1

e−iωT
u x e−iωT

u y,

Eigenvalue problem turns into low-rank format:

FN and Klus, J Chemical Physics (2023)
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